Abstract. Let (R, m, K) be a local ring, and let M be an R-module of finite length. We study asymptotic invariants, β F i (M, R), defined by twisting with Frobenius the free resolution of M . This family of invariants includes the Hilbert-Kunz multiplicity (e HK (m, R) = β F 0 (K, R)). We discuss several properties of these numbers that resemble the behavior of the Hilbert-Kunz multiplicity. Furthermore, we study when the vanishing of β F i (M, R) implies that M has finite projective dimension. In particular, we give a complete characterization of the vanishing of β F i (M, R) for one-dimensional rings. As a consequence of our methods, we give conditions for the non-existence of syzygies of finite length.
Introduction
Let (R, m, K) denote an F -finite local ring of dimension d and characteristic p > 0, and let α = log p [K :
. Given an R-module M and an integer e 0, e M denotes the R-module structure on M given by r * m = r p e m for every m ∈ M and r ∈ R. In addition, λ R (M), or simply λ(M) when the ring is clear from the context, denotes the length of M as an R-module.
Let q = p e be a power of p. For an ideal I ⊆ R, let I [q] = (i q | i ∈ I) be the ideal generated by the q-th powers of elements in I. If I is m-primary, the Hilbert-Kunz multiplicity of I in R is defined by e HK (I, R) = lim e→∞ λ(R/I
[q] ) q d .
The existence of the previous limit was proven by Monsky [Mon83] . Under mild conditions, e HK (m, R) = 1 if and only if R is a regular ring [WY00] . The Hilbert-Kunz multiplicity can be interpreted as a measure of singularity: the smaller it is, the nicer the ring is. For instance, Aberbach and Enescu proved rings with small Hilbert-Kunz multiplicity are Gorenstein and F -regular [AE08] (see also [BE04] ). We have that
λ(R/I
[q] ) = q α λ(R/I ⊗ R e R) = q α λ(Tor R 0 (R/I, e R))
This gives rise to the following extension of the Hilbert-Kunz multiplicity for higher Tor functors. Let N be a finitely generated R-module. For an integer i 0 define .
We denote β F i (K, R) by β F i (R) and call it the i-th Frobenius Betti number of R. These higher invariants also detect regularity. Namely, Aberbach and Li [AL08] show that R is a regular ring if and only if β F i (R) = 0 for some i 1. Note that R is regular if and only if K has finite projective dimension as R-module. In this manuscript, we seek an answer to the following question. Miller [Mil00] showed if R is a complete intersection and M is an R-module of finite length, then the vanishing of β F i (M, R) for some i 1 implies that M has finite projective dimension. We refer to [DS13] for related results for Gorenstein rings. In Section 3, we answer this question for rings that have small regular algebras, and for rings that have F -contributors. Later, we focus on one-dimensional rings and give the following characterization for the vanishing of β From the theorem above we have that that β In Section 4, we study this question, mainly for one-dimensional rings. In particular, we show that the answer to Question 1.2 is positive for one-dimensional Buchsbaum rings (see Proposition 4.3). We also obtain a partial answer for modules whose Betti numbers are eventually non-decreasing (see Proposition 4.7). Furthermore, we show that the first and third syzygies of M are either zero or have infinite length for every finite length module M over a one-dimensional ring (see Corollary 4.10). The assumption of M having finite length is necessary, as shown in Example 4.11. Aside from the study of projective dimension, we study basic properties of the higher invariants that resemble the Hilbert-Kunz multiplicity in other aspects.
Throughout this manuscript, d denotes the dimension of R. If (R, m, K) is a local ring of positive characteristic p > 0, then we assume that R is F -finite, and α denotes log p [K :
. For an integer e 0, q = p e denotes a power of p. For a finitely generated R-module M, let
We start by defining the Frobenius Betti numbers and showing basic properties that resemble the Hilbert-Kunz multiplicity.
Definition 2.1 (see also [Li08] ). Let (R, m, K) be a local ring of characteristic p > 0, let M be an R-module of finite length and N be a finitely generated R-module. Define
We denote β Example 2.2. Suppose that R = S/f S, where S is a regular local ring of characteristic p > 0, and f ∈ S. We can write e R ∼ = R ae ⊕ M e , where M e has no free summands. The limit s(R) := lim e→∞ ae q (d+α) exists [Tuc12, Theorem 4.9], and it is called the F -signature of R, which is an important invariant related to strong F -regularity [AL03, Theorem 0.2]. We consider the minimal free resolution of e R:
/ / e R / / 0.
We note that β 0 ( e R) = a e + β 0 (M e ) and β i (
Since M e is a Maximal Cohen-Macaulay module with no free summands, we have that β i (M e ) = β 0 (M e ) for i > 0 [Eis80, Proposition 5.3 and Theorem 6.1]. Then,
Hence,
As the Hilbert-Kunz multiplicity, the Frobenius Betti numbers also increase after taking the quotient by a nonzero divisor. Proposition 2.3. Let (R, m, K) be a local ring of characteristic p > 0, M be an R-module of finite length, and x ∈ ann(M) be a nonzero divisor on R. Then
, where the subscripts indicate over which ring we are computing the Frobenius Betti numbers. In particular, β
Proof. Let G • → e R be a minimal free resolution of e R. Let R denote R/xR. We have that G • = G • ⊗ R R is a free resolution for e R ⊗ R R as an R-module. Furthermore, we have that
This is a consequence of the fact that H i (G • ) = Tor R i ( e R, R) = 0 for i > 0 because x is a nonzero divisor on R and e R.
1 Li [Li08] focused on β i (R/I, R), which he denoted by t i (I, R).
Since x ∈ ann(M), we have that
Since x is a nonzero divisor on R, there is a filtration
, which is defined in terms of Ext. In Proposition 2.12, we establish a relation between these asymptotic invariants.
Proposition 2.4. Let (R, m, K) be a local ring of characteristic p > 0, let M be an Rmodule of finite length, and let N be a finely generated R-module. Then, lim
.
Proof. Let G • → M be a minimal free resolution of M and define
Let 0 → N 1 → N 2 → N 3 → 0 be a short exact sequence of finitely generated R-modules. We have that g e (N 2 ) g e (N 1 ) + g e (N 3 ) and equality holds if the sequence splits. Then,
exists, and it is additive in short exact sequences [Sei89] .
Definition 2.5. Let (R, m, K) be a local ring of characteristic p > 0, let M be an R-module of finite length, and let N be a finitely generated R-module. We define
, which is well-defined by Proposition 2.4.
Remark 2.6. Let (R, m, K) be a local ring of characteristic p > 0, M be an R-module of finite length, and N be a finitely generated R-module.
We need to count the number of times that a prime p such that dim R/p = dim R appears in the prime filtration. This number is given by λ Rp (N p ) (notice that R p is an Artinian ring). Let Λ be the set of all prime ideal p such that dim R/p = dim R. Then
In addition, if β F i (M, R) = 0 for some i ∈ N, we have that β Theorem 2.7. Let (R, m, K) be a local ring of characteristic p > 0, M be an R-module of finite length, and N be a finitely generated R-module. Then
Our proof will be by induction on n = dim(N).
If n = 0, we have that h = λ(N) is finite. There is a filtration
we have that
by an inductive argument. Suppose that our claim is true for modules of dimension less or equal to n − 1. There is a filtration
It suffices to show that
We have a short exact sequence
which induces a long exact sequence
such that L r+1 /L r = e (T /xT ) because x is not a zero divisor of T. From the induced long exact sequence by Ext
Corollary 2.8. Let (R, m, K) be a local ring of characteristic p > 0. Let N be a finitely generated R-module, and let C be an R-module such that, for all e ≫ 0, C θe is a direct summand of e R for some θ e ∈ N. Assume that θ = lim sup e→∞ θe q (d+α) > 0. Then, for all R-modules M of finite length, and all integers i, we have
In particular, C is a Maximal Cohen-Macaulay module.
Proof. We have
By Theorem 2.7, we have that µ Remark 2.9. Let (R, m, K) be a local ring of characteristic p > 0, and N be a finitely generated R-module. We say that an R-module C is an F -contributor of N if C θe is a direct summand of e N for e ≫ 0, and lim sup e→∞ θe q (d+α) > 0 [Yao05] . Corollary 2.8 shows that every F -contributor is a Maximal Cohen-Macaulay module. This was already noted by Yao [Yao05, Lemma 2.2] when N has finite F -representation type.
Definition 2.10. Let (S, n, L) be a local ring of dimension d. We say that a complex D
• is a dualizing complex of S if (1)
is finitely generated. 
, because S p is Artinian, and so, Cohen-Macaulay.
The following proposition shows that taking limits with respect to Tor or Ext give the same invariants up to a shift in the homological degrees.
Proposition 2.12. Let (R, m, K) be a local ring of characteristic p > 0, and M be an R-module of finite length. Then
are not affected by completion at m, we may assume that R is a complete local ring. In this case, R has a dualizing complex D R . We have that
by [Cha97, Proposition 2.3(2)]. Let Λ be the set of all prime ideals of R such that dim
Remark 2.13. If R itself has an F -contributor C, then we get a relation involving the β F i 's. In fact, by Proposition 2.12, we have β
Thus, in the notation of Corollary 2.8, we have β
We end this section with a proposition that shows how β Remark 2.14. Let (R, m, K) be a local ring of characteristic p > 0, let M be an R-module of finite length, and let N be a finitely generated R-module.
• be the complex (G j , ϕ has as entries the q-th powers of the entries in the matrix of ϕ j . We have that
• ⊗ R N)). Hence,
Proof. Let q = p e . We have that
• )) by Remark 2.14.
• ⊗ R S)) because S is flat and mS = n.
by Remark 2.14 and because S is flat.
After dividing by q d and taking limits, we have that
Relations with projective dimension
Let (R, m, K) be a local F -finite ring of characteristic p > 0, and let M be an R-module of finite length. In this section we investigate when the vanishing of β F i (M, R) detects whether M has finite projective dimension.
We first recall known results in this direction. We have that R is a regular ring if and only if β Proposition 3.1. Let (R, m, K) be a local ring of characteristic p > 0, and let M be an R-module of finite length. Suppose that there is a regular local ring (A, n, L) and a map of local rings φ : R → A such that A is finitely generated as an R-module, and dim
and so, A is F -finite. Since A is regular and local, e A ∼ = q (d+α) A. Let x 1 , . . . , x d ∈ A be a set of generators for n, and let I r := (x 1 , . . . , x r )A. By induction on r we will show that A) ), and thus β A) ). Since A is finitely generated, and since β 
Therefore, Tor Proof. For e ′ ≫ 0 and q ′ = p e ′ , we have that C θ e ′ is a direct summand of e ′ N, for some θ e ′ ∈ N such that lim sup
θ e ′ is a direct summand of e+e ′ N for all e 0. Then lim sup Let I be an integrally closed m-primary ideal, and let N be a finitely generated R-module. Proof. By Lemma 3.2, we have that Tor i (R/I, e C) = 0 for every e 0, and thus e C has finite projective dimension by [CHKV06, Corollary 3.3] . Since e C is a Maximal Cohen-Macaulay module [Yao05, Lemma 2.2] (see Remark 2.9), we have that e C is a free module for every e 0. In particular, 1 C ∼ = α R and 2 C = 1 ( α R) ∼ = α 1 R is free as well. Therefore, 1 R is free and R is regular [Kun69, Corollary 2.9].
It follows that Tor

Then pd R (N) < i if and only if Tor
We now focus on one-dimensional rings. In this case, we can find a characterization of the vanishing of β F i (M, R). We first prove two lemmas. Lemma 3.4. Let (R, m, K) be a one-dimensional complete local domain of characteristic p > 0, with K algebraically closed. Then there exists a parameter x ∈ R such that (x q ) = m [q] for all q = p e ≫ 0. Furthermore, if V denotes the integral closure of R in its field of fractions, then e R ∼ = V for all e ≫ 0 (as R-modules).
Proof. Since R is a complete domain, we have that (V, m V , K) is a DVR. Let x ∈ R be a minimal reduction of m, and let v denote the order valuation on V . Let x, y 1 , . . . , y n be a minimal generating set of the maximal ideal. We claim that we can choose the elements y i 's such that v(x) < v(y i ) for all i = 1, . . . , n. We have v(x) v(y i ) for all i because x is a minimal reduction of m. If equality holds, say for i = 1, we have that y 1 /x = α ∈ K V = K since K is algebraically closed. Fix a lifting u ∈ R of α. If we replace y 1 for y 
q . This shows the first part of the lemma. We now focus on the second part of the lemma. Since K is algebraically closed, we have that R ⊆ V = R + m V . Since R is a domain, we can identify e R with R 1/q , the ring of q-th roots of R. For w ∈ V , we can write w = u + v, for some u ∈ R and v ∈ m V . Therefore, we have that m
[q]
V ⊆ C ⊆ R for e ≫ 0, because C is m V primary. This shows that w q = u q + v q ∈ R, that is w ∈ R 1/q . Thus, for e ≫ 0, we have R ⊆ V ⊆ e R. Hence, e R is a V -module. Since V is a DVR, e R decomposes into a V -free part and a V -torsion part. Therefore e R is torsion free as a V -module because R is a domain. Thus, e R ∼ = q V . Finally, the V -module structure on e R is compatible with the inclusion R ⊆ V ; therefore,
V is also an isomorphism of R-modules.
Lemma 3.5. Let (R, m, K) be a one-dimensional local ring of characteristic p > 0. Let (G j , ϕ j ) j 0 be a minimal free resolution of a finite length R-module M. Suppose there exists i 0 such that Im(ϕ i+1 ) ⊆ pG i for some p ∈ Min(R). Then
Proof. By the Cohen Structure Theorem, we have that R = K x 1 , . . . , x n /I for some n ∈ N and some ideal I ⊆ K x 1 , . . . , x n . Let S = L 1, . . . , x n /I ′ , where L is the algebraic closure of K and I ′ = I L 1, . . . , x n . Every inclusion K → L gives a flat extension R → S such that mS is the maximal ideal of S. If Im(ϕ i+1 ⊗ R 1 S ) = Im(ϕ i+1 ) ⊗ R S is contained in in a minimal prime of S, then Im(ϕ i+1 ) must be contained in the contraction of such minimal prime to R. Then, we can assume that R is complete and that K is algebraically closed by Proposition 2.15 .
Let R denote R/p, x the class of the element x modulo p, and V the integral closure of R. Since R/p is a one-dimensional complete local domain, by Lemma 3.4 we can choose 0 = x ∈ R a minimal reduction of m := m/p and q 0 = p e 0 such that m [q] = (x q ) for0 . We may also choose q 0 large enough so that x q V ∩ R ⊆ xR, by using the Artin-Rees Lemma and the fact that the conductor from R to V is primary to the maximal ideal. In particular, (x q V : V r) ⊆ m V for every r ∈ R such that r / ∈ xR, where m V is the maximal ideal of V , which is a DVR.
Fix0 and consider the matrix associated to ϕ
, by changing the basis for G i+1 if needed, we can assume that the matrix
where we have factored out the biggest possible power of x, so that r 1 / ∈ (x). Here n = rk(G i ). Let q ′ = p e ′ , and consider the matrix associated to ϕ
. In fact, we have that
Since x′ +jq ′ is a nonzero divisor in R, we have
which proves the claim. Thus
⊆ (x′ )G i . This comes from the expression of ϕ
i+1 in (3.0.4). We also have projected onto the first component of G i . We now have a cyclic module which is isomorphic to the quotient of R by the ideal (x′ : r q ′ 1 ). We claim that there exists an integer q 1 = p e 1 such that for all q ′ ,
Assuming the claim and lifting back to R, we get
Dividing by′ and taking the limit as e ′ → ∞, we get
Since dim(R/q) = dim(R) for q ∈ Spec(R) if and only if q ∈ Min(R), we have
by associativity formula in Remark 2.6. It remains to prove the claim. Suppose that u ∈ (x′ : r
V ∩ R by the choice of q. Since the conductor of R is primary to the maximal ideal it follows that there exists a q 1 = p e 1 such that m
Theorem 3.6. Let (R, m, K) be a one-dimensional local ring of characteristic p > 0, and M be an R-module of finite length. Let (G j , ϕ j ) j 0 denote a minimal free resolution of M. Then the following are equivalent:
Assume in addition that R is complete and K is algebraically closed. If V denotes the integral closure of R in its ring of fractions, then the conditions above are equivalent to (v) Tor
Since M has finite length we have M p = 0, and thus
for all j 0. In particular, the complex
is split exact. All the entries in a matrix associated to ϕ i+1 are in H 0 m (R), and in particular they are nilpotent. We choose q 0 = p e 0 such that Im(ϕ
i+1 ) = 0 for all0 . For such q, we have (ϕ
i ) p ) and
i ) ⊆ p, where I r (ψ) denotes the Fitting ideal of an homomorphism ψ : G → H of rank r between two free modules G and H. Note that localizing and taking powers only decreases the rank of ϕ i , and b i is already the maximal possible rank. Thus b i = rk(ϕ 
where C q is the cokernel. By Buchsbaum-Eisenbud Theorem [BE73] , the two conditions (3.0.5) ensure that it is acyclic for all q. Then,
(R/p)) = Tor R 1 (C q , R/p) = 0. for all e 0. This holds for all p ∈ Min(R), proving (ii).
Clearly (ii) implies (iii). We now show (iii) ⇒ (iv). Since for all p ∈ Min(R), we have Tor
We now prove (iv) ⇒ (i). Now suppose that β 
Since the image is nilpotent, as noticed above in (3.0.5) taking q = 1, we have
for all p ∈ Min(R). Localizing the resolution at any p ∈ Min(R) gives a split exact complex
In particular, Im((ϕ i+1 ) p ) = (Im(ϕ i+1 )) p = 0. This holds for all minimal primes p of R,
Finally, assume that R is complete and K is algebraically closed, and let V be integral closure of R in its ring of fractions. Let p ∈ Min(R) and let V (p) be the integral closure of R/p, which is a DVR. By Lemma 3.4, we have that Proof. Let (G j , ϕ j ) j 0 be a minimal free resolution of M. Since β F i (M, R) = 0, we have that Im(ϕ i+1 ) has finite length, and it is nilpotent. Take q = p e ≫ 0 so that Im(ϕ
i+1 ) = 0. For such q we have Ker(ϕ i+1 ) = G i+1 . Since the resolution is minimal, we get
where the last inequality comes from projecting onto one of the components of G i+1 . Dividing by q and taking limits, we get
which is a contradiction. The last claim follows from the fact that for any parameter x, we have
where H 1 denotes the first Koszul homology (see [Rob87] and [HH93, Theorem 6.2]).
Lemma 3.9. Let (R, m, K) be a local ring of positive characteristic p > 0, and p ∈ Spec(R). If pd R (p) < ∞, then R is a domain.
Proof. Since p has finite projective dimension, given a minimal free resolution [q] is p-primary for all q = p e . Let x / ∈ p and assume xy = 0 for y ∈ R. This implies that for any q, we have xy ∈ p [q] . We conclude that y ∈ p
In particular, the localization map R → R p is injective. We have that pd R (R/p) < ∞ implies pd Rp (k(p)) < ∞. Then, R p is a regular local ring; in particular, a domain. Therefore, R is a domain. Proof. Let p be a minimal prime of R. Since β 
Syzygies of finite length
Throughout this section, let Ω i (M) denote the i-th syzygy of a finitely generated Rmodule M. When no confusion may arise, we will denote Ω i (M) simply by Ω i . We now present several characteristic-free results. In particular, we do not always assume that the rings have positive characteristic.
We focus on Question 1.2. Specifically, we give support to the claim that a finite length R-module M of infinite projective dimension cannot have a finite length syzygy Ω i for i > dim(R) + 1. As a consequence of our methods, we describe, in some cases, the dimension of the syzygies.
It follows from Theorem 3.6 that if dim(R) = 1 and R has positive characteristic, then a positive answer to Question 1.2 is equivalent to the statement: for every M of finite length, β F i (M, R) = 0 for some i > 1 implies pd R (M) < ∞. We now provide an example that shows that the requirement of i > dim(R)+1 in Question 1.2 is necessary to have a positive answer.
Example 4.1. Let R = F p x, y /(x 2 , xy) and M = R/(x). Then dim(R) = 1. In addition, pd R (M) = ∞ because R is not Cohen-Macaulay. We have that Ω 2 ∼ = H 0 (x,y) (R) = (x) has finite length. i . We now give the first result that supports an affirmative answer to Question 1.2 for onedimensional rings. We now present two results about the dimension of syzygies of a finite-length module. These results will be used in Proposition 4.7 to give a case in which a finite-length module cannot have infinitely many syzygies of finite length. Proof. By way of contradiction, we suppose dim(Ω i ) = k with 0 < k < d. Let G • → M → 0 be a minimal free resolution of M. By our assumption on dim(Ω i ), we can choose p ∈ Min(ann(Ω i )) ({m} ∪ Min(R)) and localize G • at p. The resulting complex is split exact, because M p = 0. In particular, (Ω i ) p is a free R p -module. By our choice of p, we have that (Ω i ) p has finite length, and dim(R p ) > 0, a contradiction. Proof. Let (G • , ϕ • ) be a minimal free resolution of M:
( ( ( ( P P P P P P
The first short exact sequence comes from the fact that Ω i+1 has finite length, and so, H By our choice of x, we have that a free resolution of R/x starts as 
